We prove that a subgroup of a finitely generated free nilpotent group F is undistorted if and only if it is a retract of a subgroup of finite index in F.
procedure; the rewriting of an element in the finite set of generators of H does not increase it's length. Moreover, if H is a retraction of G, then H must be undistorted. To see this, one takes a generating set of H to be the images under the retract of a finite set of generators for G. Finally, if M ≤ H ≤ G and both M is undistorted in H as well as H is undistorted in G, then M must also be undistorted in G; this follows from the definition of distortion.
The distortion function measures the difference in the metrics induced by generators of G and H. Intuitively, a subgroup H of a group G is highly distorted if one must travel a long distance in the Cayley graph of H whereas traveling between the same points in G takes a relatively short distance.
There has been a wide range of work done with regards to the study of distortion in finitely generated groups. For instance, the complete description of length functions on subgroups of finitely generated and finitely presented groups can be found in [9] and [10] . Other interesting finitely generated groups with fractional distortion are constructed in [3] . Additionally, in [12] , the formula for distortion in finitely generated nilpotent groups and nilpotent Lie groups is obtained.
We introduce the main object of our study as well as some of its basic properties. Note that free nilpotent groups are torsion-free. See, for example, [2] . We will provide a simple and concrete example of free nilpotent groups and some of their distorted subgroups, after fixing some notation.
Remark 1.5. We use the notation that the commutator
The descending central series of a group G is defined inductively as:
With this notation we have that the free nilpotent group G n,c has presentation given by R/γ c+1 (R) where R is the absolutely free group of rank m. Example 1.6. The free 2-generated, 2-nilpotent group is isomorphic to the 3-dimensional integral Heisenberg group
It has cyclic subgroup c ∞ which is distorted and in fact it has quadratic distortion. To see why this is true, notice that the word c n 2 has quadratic length in c , but that in H 3 , we have
which has at most linear length.
Statement of Main Results
The main result of this note is the following. It will be proved in Section 3. 
Facts on Nilpotent Groups
We record several well known facts about nilpotent and free nilpotent groups which will be used in the proof of Theorem 1.7. For instance, nilpotent groups possess special commutator identities.
Lemma 2.1. If G is c-nilpotent, then the following identities hold:
In [6] special cases of these facts are discussed. The formulas in Lemma 2.1 can be easily obtained from these special cases.
The following Lemma is useful when proving that subgroups of nilpotent groups are of finite index.
Lemma 2.2. If G is a finitely generated nilpotent group and H ≤ G, then if some positive power of each element of a set of generators of G lies in H, then [G : H] < ∞ and a positive power of every element of G lies in H.
A proof of this fact can be found in [2] .
Lemma 2.3. If G is any finitely generated nilpotent group, and H
In [6] , a special case of this Lemma is proved. The more general result of Lemma 2.3 follows by a simple argument.
The following result of Magnus will help us in proving Theorem 1.7.
Proposition 2.4. Let R be an absolutely free group. For 1 = x ∈ R, let the weight of x, w(x) = m, be the first natural number such that x ∈ γ m (R) but x / ∈ γ m+1 (R). Then for nontrivial elements x 1 and x 2 having respective weights λ 1 and λ 2 , we have that the weight of
Moreover, w(x) > λ 1 + λ 2 if and only if the subgroup generated by x 1 and x 2 is also generated by some x 1 , x 2 with weights λ 1 and λ 1 + µ, respectively, where µ > 0 and in this case, the weight of x is 2λ 1 + µ.
A proof of Proposition 2.4 can be found in [7] . Lemma 2.5. If c > 1 and F is free c-nilpotent, then the centralizer of an element
Proof. Let R be an absolutely free group with the same number of generators as F . As mentioned in Remark 1.5, we have that F = R/γ c+1 (R). An element x 2 is contained in the centralizer of
That is, if considered as words in the absolutely free group R, w(x) ≥ c + 1. If w(x 2 ) = 1 then by Proposition 2.4, and with notation as in Proposition 2.4, w(x) ≥ c + 1 which is equivalent to saying that 2 + µ ≥ c + 1; i.e. 1 + µ ≥ c. This means that gp x 1 , x 2 = gp x 1 , x 2 where w(x 1 ) = 1 and w(x 2 ) = 1 + µ ≥ c, which occurs if x 2 ∈ γ c (R). Observe that if w(x 2 ) = 1 then by Proposition 2.4, w(x) = w(x 2 ) + 1 ≥ c + 1 hence w(x 2 ) ≥ c which implies that x 2 ∈ γ c (R). Therefore, we have that
with the understanding that in case w(x 2 ) = 1 we take x 1 = x 1 and x 2 = x 2 . Hence, the image
). The product is direct: the intersection is trivial because c > 1 implies that
Let yγ c+1 (R) be the unique maximal cyclic subgroup of the free nilpotent group F containing x 1 γ c+1 (R). This subgroup is the isolator of the cyclic subgroup. We will show that
is the centralizer of x 1 . One inclusion has already been shown. It suffices to observe that y ∈ C F (x 1 ). This follows because there exists n ∈ Z with y n γ c+1 (R) = x 1 γ c+1 (R). For a proof of Proposition 2.6 refer to [8] .
The following result of Osin will be very useful to us later on. Proposition 2.7. Let G be a finitely generated nilpotent group, and H a subgroup of G. Let H 0 be the collection of elements of H having infinite order. For m ∈ H 0 , let the weight of m in G be defined by
and similarly for v H (m). Then
A proof of this fact can be found in [12] .
Corollary 2.8. If G is nilpotent of class c and H is cyclic, then
where d ∈ N and d ≤ c.
Undistorted Subgroups in Free Nilpotent Groups
From this point on, all notation is fixed. Let F be a free m-generated, cnilpotent group with free generators a 1 , . . . , a m , for c ≥ 1. Suppose that H is any nontrivial subgroup of F . Consider the group HF ′ /F ′ . Being a subgroup of the free abelian group F/F ′ , it is free abelian itself. Denote the free generators of
Then r is a retraction of F . This is clear: r is a homomorphism because F is free, and r restricted to D is the identity map. Let N = ker(r). The following Lemmas are working towards proving that for H undistorted, H ∩ N = {1}, which would essentially complete the proof of Theorem 1.7.
Proof. Observe that the Lemma is true in case c = 1, so in the proof we assume that c ≥ 2. Because H is nilpotent group, and H ∩ N is nontrivial normal subgroup, we must have Z(H) ∩ H ∩ N = {1}. Observe that
which by Lemma 2.5 has the form (γ c (F ) × a ) ∩ H where a / ∈ F ′ . Now observe that H ∩ N ≤ F ′ . This follows because the image of H in F/F ′ is generated by {b 1 , . . . , b k } and the image of N in F/F ′ is generated by {a k+1 , . . . , a m }, so because the set {b 1 , . . . , b k , a k+1 , . . . , a m } is independent, the intersection
Therefore, there is a nontrivial element in Z(H) ∩ N ∩ γ c (F ) as required.
Proof. Let 1 = u ∈ N ∩ H ∩ γ c (F ). We will show that that u ∩ γ c (H) = {1}. are free k-generated, c-nilpotent groups. This implies that the intersection gp b 1 , . . . , b k ∩ N is trivial, because N = ker(r). Hence u ∩ γ c (H) = {1} and 1 = u ∈ γ c (F ). It follows by Propsotion 2.7 that the distortion of the cyclic subgroup u in F is greater than its distortion in H. Thus H cannot be undistorted in F .
Proof. This follows directly from Lemmas 3.2 and 3.3. Now we proceed with the proof of Theorem 1.7.
Proof. As mentioned in Section 1, every retract of a subgroup having finite index in any group G is undistorted. Conversely, if H is undistorted in F then by Corollary 3.4 we have that H ∩ N = {1}. Then by Lemma 3.1, H is a retract of the subgroup HN of finite index in F , as required.
We also proceed with the proof of Corollary 1.8. The following result is a direct implication of the proof of Theorem 1.7. 
Examples and Discussion
x, y, u, v, z|[x, y] = [u, v] = z, [x, z] = [y, z] = [u, z] = [v, z] = 1 .
